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Abstract 

In this paper, we prove a Morse index theorem for the index form of even order linear 
Hamiltonian systems on the closed interval with reasonable self-adjoint boundary conditions. 
The highest order term is assumed to be nondegenerate. 

1 Introduction 

1.1 History 

Let (M, g) be an n-dimensional Riemannian manifold. The classical Morse Index Theorem 
states that the number of conjugate points along a geodesic 7 : [a, b] — ► M counted with 
multiplicities is equal to the index of the second variation of the Riemannian action functional 
E(c) = \ g(c, c)dt at the critical point 7, where c denotes 4c. Such second variation is called 
the index form for E at 7. The theorem has later been extended in several directions (see 
[U El US E3 EHl 133 EB] for versions of this theorem in different contexts). In dU of 1976, J. 
J. Duistermaat proved his general Morse index theorem for Lagrangian system with positive 
definite second order term and selfadjoint boundary conditions. In 1 °f 1996, A. A. Agrachev 
and A. V. Sarychev studied the Morse index and rigidity of the abnormal sub-Riemannian 
geodesies. In jSHHj of 1979, J. K. Beem and P. E. Ehrlich considered the semi- Riemannian case. 
Later in QU of 1994, A. D. Heifer give a generalization. In [271128] of 2000, P. Piccione and D. V. 
Tausk proved a version of the Morse index theorem for geodesies in semi-Riemannian geodesies 
with both endpoints varies on two submanifolds of M under some nondegenerate conditions 
(cf. |28[ Theorem6.4]). However, such nondegenerate conditions is very difficult to remove. In 
|18j of 2003, Roberto Giambo, Paolo Piccione, Alessandro Portaluri was able to remove these 
conditions under the boundary condition of fixed endpoints. Their proof is rather technique and 
very difficult to generalize. In |3H] of 2001, the author is able to solve these difficulty However, 
the proof is rather technique and hard to follow. It is not clear how the author perturbs a given 
path of Fredholm self-adjoint operators to make it with only regular crossings in the degenerate 
case. In |15| of 1964, the higher even order case is considered by H. Edwards. He proved a 
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of MOE of China, and Nankai University. E-mail: zhucf@nankai.edu.cn 
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version of Morse index theorem for the even order Hamiltonian systems on the closed interval 
with positive definite highest order term and special boundary condition. 

1.2 Set up for regular Lagrangian systems 

Let M be a smooth manifold of dimension n, points in its tangent bundle TM will be denoted 
by (m,v), with m G M, v G T m M. Let / be a real- valued C 3 function on an open subset Z of 
R x TM. Then 

E{c) = f T f(t,c(t),c(t))dt (1) 
Jo 

defines a real-valued C 2 function E on the space of curves 

C = {c G C 1 ([0,T\,M)](t,c(t),c(t)) G Z for all t G [0,T]} . (2) 

Equipped with the usual topology of uniform convergence of the curves and their derivatives, 
the set C has a C 2 Banach manifold structure modelled on the Banach space C 1 ([0, T], R n ). 
Boundary conditions will be introduced by restriction E to the set of curves 

C N = {c G C; (c(0), c(T)) GiV}, (3) 

where A^ is a given smooth submanifold of M x M. The most familiar examples are N = 
{m(0),m(T)} and Af = {(1711,1712) G M x M;m\ = 1712}- In the general case Cm is a smooth 
submanifold of C with its tangential space equal to 

T C C N = {5c G C l ([0,T],c*TM); (5c(0),8c(T)) G r (c(0))C(T)) iv} . (4) 

c G Cjv is called a stationary curve for the boundary condition iV if the restriction of E to 
C/v has a stationary point at c, i.e., if DE(c)(5c) = for all 5c G T c Cn- For such a curve c is of 
class C 2 . 

Let c G Cn be a stationary curve for the boundary condition N. Then the second order 
differential D 2 E(c) of E at c is symmetric bilinear form on T c Cn, which is called the index 
form of E at c with respect to the boundary condition N. We want to understand the Morse 
index of this form, i.e. the maximal dimension of negative definite subspace of the space T c Cn 
for the form D 2 E(c). In general the Morse index of the form D 2 E(c) on T c Cn will be infinite. 
In order to get a well-defined integer, we introduce the following concept. 

Assume that / is a regular Lagrangian, that is, 

D 2 f(t,m,v) is nondegenerate for all (t, m, v) G Z. (5) 

Here D v denotes differential of functions on Z with respect to v G T m M, keeping t and m fixed. 
The condition © is called the Legendre condition. 

Let H = H (T c Cn) be the H 1 completion of T c Cn. By Sobolev embedding theorem, H C 
C([0, T], c*TM). Then D 2 E(c) is well-defined on H. In local coordinates, we have 

D 2 E(c)(X, Y) = £ (D 2 J{c{t)){a, $) + D m D v f(c(t))(a, (3) 

+ D v D m f(c(t))(a, 13) + D 2 m f(c(t))(a, /?)) dt, (6) 
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where X,Y E H, a>, (3 are the local coordinate expression of X, Y defined by X = (a, dm), 
Y = ((3, dm), dm is the natural frame of T m M, and we use the abbreviation 

c(i) = (t,c(t),c(t)). 

In general dm and a is not globally well-defined along the curve c. Choose a C 1 frame e of 
T c Cm- Such a frame can be obtained by the parallel transformation of the induced connection 
on c*TM of a connection on TM (for example, the Levi-Civita connection with respect to the 
semi-Riemannian metric on M). Then in local coordinates, there is a C 1 path a(t) G GL(n,R) 
such that dm at c(t) is the pairing (a(t),e(t)). Note that a(t) is only locally defined in general. 
Then the vector fields X,Y £ H along c can be written as X = (x,e), Y = (y,e), where 
x,y G IT 1 ([0,21,11*) and ((x(0),x(T)),(y(0),y(T)) G R, R is defined by 

R = {(x, y) G R 2n ; ((x, e(0)), (y, e(T))) G T (c(0)iC(T)) iv} . 

So we have 

x = aa, x = aa + da, y = a(3, y = aj3 + dj3. (7) 
Substitute (0 to we get the following form of the index form: 

D 2 E(c){X,Y)= [ T ((px + qx,y) + (q*x,y) + (rx,y))dt, (8) 
Jo 

where p,q,r G C([0, T], gl(n, R)), p is of class C 1 , p(i) = p*(t), r(t) = r*(t), p(t) are invertible 
for all t G [0,2], and * denotes the conjugate transpose. 
Now define 

I s ,R(x,y)=[ ((px + sqx,y) + (sq*x,y) + (srx,y))dt, s e [0,1], (9) 
Jo 

where x,y G ^([0, 2], R n ) and ((x(0),x(T)), ((y(0),y(T)) G -R. Since p is of class C 1 and p(i) 
are nondegenerate, we can associate the path I S ,R with a well-defined finite integer, the spectral 
flow sf{T Sj fi}. Then we can define the relative Morse index HXq^Xi^r) to be — sf{2 Sj ^}. When 
p is positive definite, KTq^Ti^r) is the Morse index of D 2 E(c). Note that the forms I S ,R will 
depend on the choice of the frame e. 

1.3 The highlights of the paper 

This paper can be viewed as the revised version of [35] . In this paper, we will prove a general 
version of Morse index theorem for the index form of even order linear Hamiltonian systems on 
the closed interval with reasonable selfadjoint boundary conditions. The highest order term is 
assumed to be nondegenerate. As a special case, we prove the Morse index theorem for regular 
Lagrangian system with selfadjoint boundary conditions. Note that the index form (see 
below) will takes different forms under different choices of the frames e. Then we show how the 
indices varies under such choices. 

Our approach is inspired by the recent papers of B. Booss-Bavnbek and the author. 
We do not use perturbation method. Our main results can be viewed as pretty much simple 
restatement of [281 Theorem 6.4] and [181 Theorem 4.9] in their cases. Our index theorem does 
not contain any assumption on nondegeneracy for the index form. Moreover, we consider the 
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spectral flow of the paths connected two given index forms. The index forms in such a path is 
in general not a compact perturbation of a given index form. Such phenomenal occurs when 
we consider the connected trajectories between two geodesies on the manifold. These highlights 
make it easy to apply our index theorem in the variational problems. 

Our paper is arranged as follows. In §1, we give the background of the problem. In §2, we 
state our main results. In §3, we discuss the properties of the spectral flow. In §3, we discuss the 
properties of the Maslov indices. In §5, we prove our main results. In this paper, dim denotes 
the complex dimension if no special description. 



2 Main results 



We shall consider the general case of even order linear Hamiltonian systems. We will consider 
the complex case. The real case is a obvious consequence of the complex case. 

Let m,n E Z + be positive integers, and T G R + be a positive real number. Let Pk,i(s,t) E 
gl(n, C), (s, t) G [0, 1] x [0, T] be (m + l) 2 continuous families of matrices, where k, I = 0, . . . , m. 
Assume that for all (s,t) E [0,1] x [0,T], p s (t) = (pm-k,m-l(s,t)) k ,i=o,...,m G gl((m + l)n, C) 
are selfadjoint, and p m! m(s,t) are nondegenerate. Assume further that for all s E [0,1] and 
k,l = 0...,m, Pk,i(s,-) £ C max { fc '^([0, T], gl(n, C)). Then we have a continuous family of 
quadratic forms 



r T ( ™ A rk \ 

Ux,v) = J Q ( E<^M)|^,^>U, Vx,j/Gff m ([0,T];C"). 



(10) 



Here (•, •} denotes the standard Hermitian inner product in C n , and the norm of the Sobolev 
space H m {[0,T}; C n ) is defined by 



(x,y), 



fT ( m Ak Jfc \ 



Then we define the boundary condition. Let R C C n be a given linear subspace. Define 

Hr = U € H m ([0, T]; C"); (^^(O), . . . , *(0), j^^T), x(T)) G r\ . (11) 

Let I S ,R be the restriction of X s to Hr. The central problem in this paper is to understand the 
Morse index of the form I\^r, i.e. the maximal dimension of negative definite subspace of the 
form As in $1.21 we shall use the minus spectral flow — sf{X s ^} as the "difference" between 
the "Morse indices" of the forms Ii.n and To ; _r. 

Let L s be the unbounded operator on L 2 ([0, T]; C n ) with domain H 2m ([0, T]; C n ) defined by 

m d k ( d l \ 

(L s x)(t) = £ (-l) fc ^ \Pk,i(*,t)tf *®J . ^ G ^ 2m ([0,T];C"). (12) 

Define R 2m ' b and W 2m (R) by 

{m 
(xx, . . . ,x 2m ) G C 2mn ; E(-l) fe - 1 (x ifc ,y m _ fe+1 ) 
fc=i 
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2m 



(-l) k ~ m (x k ,y 3m . k+1 ) =Ofor all( yi ,...,y 2m ) £ R\ , (13) 



k=m+l 



W 2m (R) = {(x u x 2 ,x 3 ,x±)€C 4mn ;x 1 ,x 2 ,x 3 ,x±£C mn ,(x 1 ,x 3 )£R 2m > b ,(x 2 ,x±)£Rlu) 

For each x £ H 2m ([0,T];C n ), let u Ps)X £ H 1 ([0,T];C 2mn ), u Pa>x and u k sjX , k = 0, . . . , 2m be 
defined by 



u p s ,x(t) — { u p s ,x ) U p s ,x{t)) 

k d k 

= dtk 



d k 

u isA f ) = jHF^Wj k = 0,...,m-l, 



= £ (~ i r" m ^ +fc - 2m (p°,fl(M);^s(t)), fc = m,...,2m.(lB) 

2m-k<a<m,0</3<m 



Let ^ s ,W2m(-R) De ^ ne restriction of L s on the domain 

{x E H 2m ([0,T};C n );(u PsjX (0),u PsjX (T)) E W^fl)}. 

By Lemma 3.5 of ^U], i S) vK 2m (fl)) < s < 1 is a continuous family (in the gap norm sense) of 
unbounded selfadjoint Fredholm operators. Again we associate the path with the minus spectral 
flow -sf{L S:W2m(R) }. 

Let J 2rn , n 6 GL(2mn, C) be the matrix {jk,i)k,l=o,...,2m-i, where j k j = n for k + l ^ 2m- 1, 
ife.i = ( — ]-) k+m In for k + I = 2m — 1, and we denote by I n and n the identity matrix and the 
zero matrix on C n respectively. When there is no confusion, we will omit the subindex n of I n 
and n . Set 

o d m 
Up s ,x = ( u PstX i • • • ; u p a , x )i uo jX = ( ( j^m x ' 1 ' * * ' 

From (|15|). we can define the matrices U{p s (t)) and V(p s (i)) for each (s,t) £ [0, 1] x [0, T] by 

u Pa , x (t) = U(p s (t))uo jX (t), Uo )X (t) = V(p s (t))u P3tX (t). (16) 

Let @2m,n ^ gl(2mn, C) be the matrix (6 ky i)k,i=o,...,2m-i, where 9 k ,i = n for fc + I ^ 2m - 2 
or one of = Z = m — 1, 9 k j = (—l) k+m+l I n for k + Z = 2m — 2 and k,l ^ m — 1. For each 
(s,t) E [0, 1] x [0,T], define the matrices P(p 3 (t)) and b(p s (t)) in gl((m + l)n, C) by 

P(p 8 (*)) = (P M (s,t)) M=0 ,..., m (17) 
6(p,(t)) = e 2min + diag(0 (m _ 1)n ,P(p s (t))), (18) 

where 

P ,o(s,t) = Pm,m(M)~\ 
Po,l( S ^) = -Vm,m{s,t)~ l Pm,m-l{s,t), 
Pkfi{s,t) = -p m -k, m {s,t)p m . m (s,ty l , 

Pk,l{s,t) = p m — k ^ m —l(s,t) Pm—k,m{s,t)pm,m{s,t) p m ^ m —l(s,t) 

for A;, Z = 1, . . . , m, and we denote by A* the conjugate transpose of A. For each s £ [0, 1], let 
7 Ps (t) be the fundamental solution of the linear Hamiltonian system 

U = J2m,nHPs)u- (19) 
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Then 7 Ps (t) are symplectic matrices. Then we can associate the symplectic path 7 Ps (t), < t < T 
with the Maslov-type index iw 2m (R)^Ps) f° r each s G [0, 1]. 

We want to address the following problems for even order case in this paper: 

• give the relationship between the integers — sf{X Sj ^}, — sf{L S: w 2m (R)} and iw 2m (R) (7pJ f° r 
< s < 1; 

• calculate iw 2m (R)('Ypo) for Po(t) = diag(p ,o(0, t), mn ); 

• for two different choices of the frame e, the resulted index form I St R defined by © will 
have different forms. In this case, calculate the difference between the resulted integers 
% 2 (fl)(7pi)- 

The following three theorems solve the above problems. 

Theorem 2.1 Let sf{X Si ^j,0 < s < 1} be the spectral flow ofI St R, sf{L s W2m ^, < s < 1} be 
the spectral flow of L s W2m ^, and iw 2m {R)^rips) be Maslov-type index of 7 Ps defined below. 
Then we have 

- si{l s>R ,0< s < 1} = -si{L S:W2m{R) ,0 < s < 1} = *w/ 2m (i?)(7 Pl ) - *W 2m (fl)(7po)- ( 20 ) 

Assume that po(t) = diag(p m . m (0, t), mn ) for all t G [0,T]. Then we have (P(po))(t) = 
(Poit))' 1 , b(p )(t) = (b kj i(t)) kjl=0 ,...,2m-i, and 7 Po (t) = (7fc,z(t))fc,z=o,...,2m-i, where b k< i(t) = n 
for k - I ^ 1, b kj i(t) = I n for A; - I = 1 and k ^ m, b TO ,m-i(t) = (Pm,m(0, t))" 1 , 7fc,z(t) = for 
k < I, Jk,l(t) = Xn\ In for > Z and fc<m — 1, orfc>Z and / > m, and 

1 /■* /-tfc-m 1 

7fe,K*) = 7 ; TTT / dtk-m dt k _ m ^i... f " {Pm,m(0,t )) dt 

(m- I -1)1 Jo Jo Jo 

= U W 1 / T\\ f* m - l -Ht-*) k ~ m <I>rn, m <P>*))- 1 d* 

(k — m)l(m — 1 — 1)1 Jo 

for k > m and I < m — 1. 

The form of our symplectic path 7 Po (i) looks rather complicated. We will consider the 
following more general situation to simplify our problem. 

K . Then (C 2n ,(J x -,-» is a symplectic space. Let 

7(t) = ( M 2 ° 2 (t))' ° " * " T be a path in GL ( 2ri '°) with M 2 , 2 {tyKM l>x {t) = K 
and Mi i i(t)*K*M2 > i(t) self-adjoint for each t G [0, T]. Then 7(i) is a symplectic path, i.e., 
j(t)*JK"f(t) = Jk- Let i? C C 2mn be a given linear subspace. Define R K and Wk(R) by 

# K = {(xi,x 2 )GC 2n ;(Kxi,y 1 )-(Kx 2 ,y 2 )=0forall(y 1 ,y 2 )Gi?}, (21) 
W K {R) = {(xi,x 2 ,x 3 ,x 4 ) G C 4n ;xi,x 2 ,x 3 ,x 4 G C",(xi,x 3 ) G fi^,(x 2 ,x 4 ) G i?}. (22) 

Theorem 2.2 For i/je syplectic path 7 and i/ie Lagrangian space Wk(R) defined above, we have 

dim(Gr( 7 (i)) n W K {R)) = dimker ((M 1>1 (T)*K*M 2 ,i(t))\ sit) ) + dimS(t) 

+ dim(Gr(/ mn ) n R) - dim(Gr(J mn ) n (23) 
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iw K (R)h) = m + ((M lil (T)*^M 2 , 1 (T))| s(T) 
-m+ ((Afi,i(0)*if*M 2) i(0))| s( o) 



+ dim 5(0) -dimS(T). (24) 
where m + denotes the Morse positive index, and 

S{t) ={i£ C n ; (x,M 1A (t)x) G R K }. 

In our case, set K m)U = (k k ,i)k,l=o,...,m-i, where k k ,i = n for A; + 1 ^ m - 1, = (-l)'ln 
for fc + Z = m— 1. Then we have R Km ' n = R 2m > b and W2m(-R) = % n ,„(^)- Moreover for the 
symplectic path 7 = Jpfo) , we have 

M^TTK^M^T) = ( I _ , / V-"- W(0, t ))-'4 • 

\ / fc,(=0,...,m— 1 

(25) 

As a special case, we get the following higher order generalization of theorem of J. J. Duis- 
termaat |14j . 

Corollary 2.1 A ssume that p m m (l,t) is positive definite for each t G [0, T}. Set po(t) = 
diag(p mjm (l,t),0 mn ). Then we have 

m~(Xi )R ) = m - (L ljW2m(fl) ) = iw 2m {R) < C(pi) ~ dimS > ( 26 ) 
where mT denotes the Morse (negative) index, and 

( M 1A (t) \ 
^ M 2 ,i(t) M 2>2 {t) )' 

S = {x G C mn ; (x, x) G R 2rn,b }. 

Now we consider the third problem. Then m = 1 and everything is real. Let a(t) be a C 1 
path in GL(n,R), and 

R 1 = {(x,y) G R 2n ; (a(0)x, a(T)y) G 12}. 

After the change of the frame e 1— > a* _1 e, we have 3; h ai and the quadratic form is 
changed to the restriction of the form X\[ax,ay) on H R '. Then we get the corresponding p , q 

and r . Set Pi = f ^1 ^ an d Pi = ^ ^/ ^ . Let 7 Pl and 7^/ be defined by Q19|). Then we 



7po(*) 



7n ; =diag(a*,a- 1 ) 7pi diag(a(0)*- 1 ,a(0)). (27) 



can prove 

''Pi 

Theorem 2.3 Let a(t), < t <T be a path in GL(n, C), and 

R = {(x,y) G C 2n ; (a(0)x,a(T)y) G R}. 

Let j be a symplectic path, i.e., 7(t)* J2,nl(t) = J2,n f or all < t < T. Define the symplectic 
path 7 by 

7' = diag(a*,a- 1 ) 7pi diag(a(0)^ 1 ,a(0)). (28) 

Then we have 

W)^') - = dim(Gr(I„) n (ft') 2 ' 6 )) - dim(Gr(/ n ) n 12 2 ' b ). (29) 
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3 Spectral flow 



3.1 Definition of the spectral flow 

Roughly speaking, the spectral flow counts the net number of eigenvalues changing from the 
negative real half axis to the non-negative one. The definition goes back to a famous paper by 
M. Atiyah, V. Patodi, and I. Singer [1], and was made rigorous by J. Phillips 26 for continuous 
paths of bounded self-adjoint Fredholm operators, by C. Zhu and Y. Long |36| in various non- 
self-adjoint cases, and by B. Booss-Bavnbek, M. Lesch, and J. Phillips [H] in the unbounded 
self-adjoint case. 

Let X be a complex Hilbert space. For a self-adjoint Fredholm operator A on X, there exists 
a unique orthogonal decomposition 

X = X + (A) ®X°(A) ®X~(A) (30) 

such that X + (A), X°(A) and X~~(A) are invariant subspaces associated to A, and ^4|x+(A)j 
an d A\x-(A) are positive definite, zero and negative definite respectively. We introduce 
vanishing, natural, or infinite numbers 

m + (A) := dimX+(A), m°(A) := dimX°(A), m~(A) := 6imX~(A), 

and call them Morse positive index, nullity and Morse index of A respectively. For finite- 
dimensional X, the signature of A is defined by sign(A) = m + (A) — m~(A) which yields an 
integer. The APS projection Qa (where APS stands for Atiyah-Patodi-Singer) is defined by 

Qa{x + + x° + x~) := x + + x°, 

for all x + e X + (A),x G X (A),x~ G X~(A). 

Let {A s }, < s < 1 be a continuous family of self-adjoint Fredholm operators. The spectral 
flow sf{A s } of the family should be equal to m~{Ao) — m~{A\) if dimX < +oo. We will 
generalize this definition to general Banach space X and general continuous family of admissible 
operators defined below. 

Let AT be a complex Banach space. We denote the set of closed operators, bounded linear 
operators and compact linear operators on X by C(X), B(X) and CC(X) respectively. We will 
denote the spectrum, the regular set and the domain of an operator A £ C(X) by cr(A), p(A) 
and dom(A) respectively. Let N be an bounded open subset of C and A £ C(X). If there 
exists an bounded open subset N C N with C 1 boundary dN such that dN n cr(A} = and 
N n cr(A) C N, we define the spectral projection P(A, N) by 

P(A, N) := -—^= I {A- (ir'dC 

27TV-1 JdN 

The orientation of dN is chosen to make N stays in the left side of dN. 

Inspired by we find that the necessary data for defining the spectral flow are the fol- 
lowing: 

• a co-oriented bounded real 1-dimensional regular C 1 submanifold £ of C without boundary 
(we call such an £ admissible, and denote by t £ .4(C)); 

• a complex Banach space X (for a real one X, we consider X C); 
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• and a continuous family (in the gap norm sense) of admissible operators A s , < s < 1 in 
A t {X). 

Here we define A G C(X) to be admissible with respect to £, if there exists a bounded open 
neighbourhood N of £ in C with C 1 boundary <9iV such that (i) 3NV\o(A) = 0; (ii) NHa(A) C ^ 
is a finite set; and (iii) P^(A) := P(j4, iV) is a finite rank projection. 

We call Uf l e(A) := dimim P®(A) the hyperbolic nullity of A with respect to t. We denote 
by At(X) the set of closed admissible operators with respect to I. It is an open subset of C(X). 

Example 3.1 a) In the self-adjoint case, £ = \J— 1(— e, e) (e > 0) with co- orientation from 
left to right. Then a self- adjoint operator A is admissible with respect to I if and only if A is 
Fredholm. 

b) Another important case is that I = (1 — e, 1 + e) (e G (0,1),) with co- orientation from 
downward to upward, and all A s unitary. A unitary operator A is admissible with respect to I 
if and only if A — I is Fredholm. 

Similarly as the definition in |26l I36j . we can define the spectral flow sf^{^4 s } as follows. It 
counts the number of spectral lines of A s coming from the negative side of £ to the non-negative 
side of £. 

For each t G [0, 1], there exist bounded open subsets N t , N± of C such that a(A t )ndN t = 0, 
a (A t ) D tC N t n £, N t = iV t + U (N t Pi£)U Nf, Nf stays in the positive (negative) side of £ near 
Nt H £, and P(At,Nt) is a finite rank projection. Here we denote by £ the closure of I in C. 
Then a(A t ) n (dN t U (£ \ (N t n £))) = 0. The set (dN t U(£\ (N t n £)) is compact since it is a 
bounded closed set. Since the family {^4 S }, < s < 1 is continuous, there exists a 5(t) > for 
each t £ [0, 1] such that 

a(A s ) n (dN t U (£\ (N t n £))) = for all s G (t - 5(t),t + S(t)) n [0, 1]. 

Then cr(A s ) n £ C n ^, and 

{P(A S , Nt)} s&{ t_ s{t)t t + 5(t))n[o,i) for fixed 1 G [°> 1]> 

is a continuous family of projections. By Lemma 1.4.10 in Kato [U, the operators in the family 
have the same rank. Since [0, 1] is compact, there exist a partition = sq < . . . < s n = 1 
and t k G [s k ,s k+1 ], k = 0, ...,n - 1 such that [s k ,s k+1 ] C (t k - 5(t k ),t k + 5(t k )) for each 
k = 0, . . . , n — 1. 

Definition 3.1 Let £ G -4(C) 6e admissible and let {A s }, < s < 1 6e a curve in Ae(X). The 
spectral flow sf^{^4 s } of the family {A s }, < s < 1 respect to the curve £ is defined by 

n-l 

S tt{A s } = (dimim P(A Sh ,N t -)- dimim P(A Sk+1 ,NQ) . (31) 

fc=0 

The spectral flow has the following properties (cf. |2S] and Lemma 2.6 and Proposition 2.2 
in [H]). 

Proposition 3.1 Let £ G A(C) be admissible and let {A s }, < s < 1 be a curve in A#(X). 
Then the spectral flow sii{A s } is well-defined, and the following properties hold: 
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(i) Catenation. Assume t G [0, 1]. Then we have 

sf e {A s ; < s < t} + sU{A s ; t < s < 1} = sf e {A s ; < s < 1}. (32) 

(ii) Homotopy invariance. Let A(s, t), (s, t) G [0, 1] x [0, 1] be a continuous family in Ae(X). 
Then we have 

sf e {A{s, t); (s, t) G 8([0, 1] x [0, 1])} = 0. (33) 

(iii) Endpoint dependence for Riesz continuity. Let B S& {X), respectively C sa, (X) denote 
the spaces of bounded, respectively closed self- adjoint operators in X. Let 

R : C Ba — > B sa {X) 

A i — > A(A 2 + L)-^ 

denote the Riesz transformation. Let A s G C sa (X) for s G [0, 1]. Assume that {R(A S )} 
is a continuous family. If m~{Ao) < +oo, then m~(Ai) < +oo and we have 

sf{A s } =m-(A )-m-(A 1 ). (34) 

(iv) Product. Let {P s } be a curve of projections on X such that P S A S C A S P S for all s G [0, 1]. 
Set Q s = I — P s . Then we have P S A S P S G ^(im P s ) C C(im P s ), Q S A S Q S G ^(im Q s ) C 
C(im Q s ), and 

8fe{A 8 } = sf t{P a A a P a } + sU{Q s A s Q s }. (35) 

(v) Bound. For A G Ai(X), there exists a neighbourhood M of A in C{X) such that M C 
Ae(X), and for curves {A s } in M with endpoints Aq =: A and A\ =: B, the relative 
Morse index Ii{A,B) := — sff{A s ,0; < s < 1} is well defined and satisfies 

< I t (A, B) < u h/ (A) - u hji (B). (36) 

(vi) Reverse orientation. Let £ denote the curve £ with opposite co-orientation. Then we 
have 

sf e {A s } + sf^As} = u h/ (Ax) - v h/ (A ). (37) 

(vii) Zero. Suppose that i/h,e{A s ) is constant for s G [0, 1]. Then sig{A s } = 0. 

(viii) Invariance. Let {T s } se [ i] be a curve of bounded invertible operators. Then we have 

sfeiT^AsTs} = si e {A s }. (38) 

Proof. We shall only prove the spectral flow is well-defined. The proof for the rest of the 
proposition is the same as that in [2^] and Lemma 2.6 and Proposition 2.2 in [HE] and is omitted. 

Since two different partitions of [0, 1] has a common refinement, we only need to prove the 
following local result: 

Claim. Let N t , Nf, I = 1, 2 be open subsets in C. Assume that for all s G [0, 1] and / = 1,2, 
we have a{A s ) DdNi = 0, a(A s )n£ C iV, n £, N t = U (N t n£)U Nf , stays in the positive 
(negative) side of £ near iV; n £, and P(A s ,Ni) is a finite rank projection. Then we have 

dimim P(A ,N{) - dimim P(Ai,N{) = dimim P(A ,iVJ") - dimim P( J 4i,iY 2 _ ). 
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In fact, our assumptions implies 

<y(A s ) n d{N{ \ ATf ) = a(A s ) n <9(JVf \ JVf) = 0. 

Then P(^4 S , JVf \ N 2 ) and P(A,, Af \ ATf), s G [0, 1] are continuous family of projections. By 
Lemma 1.4.10 in Kato [U, im P(At, iV{" \ Af ) and im P(At,N 2 \ JVf) are constants. So we 
have 

(dimim P(A ,N{ ) - dimim P(yli, Af )) - (dimim P(A ,Af) - dimim P(4i, Af )) 

= (dimim P(A , Af ) - dimim P(A , Af )) - (dimim P(A ll N{) - dimim P(A X , Af )) 

= (dim im P(A , Af \ JVf) - dim im P(A , N 2 \ JVf)) 

- (dimim P(A X , Af \ JVf ) - dimim P(Ai, Af \ JVf)) 
= 0. 

Thus our claim is proved. Q.E.D. 

Remark 3.1 In (iv) of the above proposition, we allow the Banach space im P s continuous 
varying. By \21\ Lemma 1.4-10], fort G [0,1] being close enough to s, there is a continuous 
family of invertible operators U S) t G B(X) such that 

P t U s j = U Sjt P s , U s j -+I, ast ->■ s. 

So locally we can define the spectral flow of Bt G C(im Pt) as that of U~lBtU s j '■ im P s — > im P s 
(s fixed), and globally patch them together. 

3.2 Calculation of the spectral flow 

In this subsection we shall give a method of calculating the spectral flow of differentiable curves, 
inspired among others by J.J. Duistermaat ^1] and J. Robbin and D. Salamon |30j . 

Let X be a complex Banach space, N C JV be bounded open subsets of C, and 7 be a closed 
C 1 curve in C which bounds N . Let A s , s G (— e, e), where e > 0, be a curve in C(X). Assume 
that 7 n a(A s ) = and N n a(A s ) C N for all s G (-e,e). Set A := A , P s := P(A S ,N), 
and P := Pq. Assume that im P C dom(j4 s ) for all s G (— e,e), im P is a finitely dimensional 
subspace of X, and -^\ s= o(A s P) = B (in the bounded operator sense). Let / be a polynomial. 
Then P s f(A s )P s , s G (— e, e) is a continuous family of bounded operators, and 

p s f(A s )p s = -— != / f(o(A - ar^c- (39) 

Z7T\/ — 1 J-y 

Since P s s G (— e, e) is a continuous family, we have \\P S — P\\ < 1 if |s| is small. For such s, set 
R S = (I- (P s - P) 2 )-i Since P(P S - P) 2 = (P s - P) 2 P and P S (P S - P) 2 = (P s - P) 2 P S , we 
have R S P = PR S and R S P S = P S R S . Set 

U' s = P S P + (I -P S )(I -P), U S = U' S R S , 
V' s = PP S + {I-P)(I-P S ), V S = V' S R S . 
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Then we have 



u s v s = v s u s = i, 

U S P = P S U S = P S R S P, 
PV S = V S P S = PR S P S . 



Lemma 3.1 We have 
d 



(U^P S A S P S U S ) = ^r=r I C(A - CI)~ 1 PB(A - CI) _1 dC. 

Z7Tv — 1 J-y 



US a\ y — 1 J-y 

If(PAP)(PB) = (PB)(PAP), then we have 

il-mP) = o, 

^-\,=t>(U,- 1 P,A,P,U.) = PB. 
as 

Proof. By the definition of U s and V s we have 

U^PsAsPsUs = V S P S A S P S U S = PR S P S A S P S R S P. 

By (gnj) we have 

(p s f(A s )p s - pf(A)p)p = / f(Q(A s - cirHAsP - ap)(a - ar^c. 

Since A s , s E (— e, e) is a curve in C(X) and im P has finite dimension, we have 

±\ s=0 (P sf (A s )p s p) = ^-j= J f(c)(A - ciy l B{A - ciy l dc. 

Take / = 1, we have -^\ s =o(P s P) exists. By the definition of R s we have -^\ s =o(R s P) 
Hence we have 

— \ s =o{U s 1 P S A S P S U S ) = —\ s= o(PR s P s A s P s R s P) 
as as 

- —> S=0 ((R S P)(P S A S P S P)(R S P)) 



ds 
2^ 



2vr . 

In the case of (PAP)(PB) = (PB)(PAP), we have 
d 



l j= J (P(A - (iy'BiA - QI)- l PdQ 
l —JaA- Ciy X PB{A - QI)- l dC 



~r\s=o 
ds 



(P S P) = —L= ({A- (I)- 2 BdC = 0, 

Z7TV— 1 Jl 
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and 

d , 1 



^oiU-'PsAsPsUs) = —= [ £P(A-Cir 2 Bd( 
ds 27TV-1 J 7 

y (PA(4 - C/)" 2 - P(A - C/)" 1 ) Bd( 



2ttV-1 
P 2 B 
PB. 



Q.E.D. 



Proposition 3.2 (cf. Theorem 4.1 of [36J) Let X be a Banach space and £ be a bounded 
open submanifold of \J — 1R co- orientation from left to right. Let A s , —e<s<e (e > 0), 
be a curve in Ai(X). Set P = P^(Aq), A = Aq. Assume that im P C dom(Aj) and B := 
■^\ s =o(A s P) exists. Assume that 

(PAP)(PB) = (PB)(PAP), (44) 

where PAP, PB G B(im P), and PB : im P -> im P is hyperbolic, i.e. a(PB) n (^TR) = 0. 
Then there is a 5 £ (0, e) such that Vh,i(A s ) = for all s G [—5, 0) U (0, S] and 

sf e {A s ; < s < 5} = -m~(PB), (45) 
sf^{^ s ; -5 < s < 0} = m+(PB). (46) 

.Here we denote by m + (PB) (m~ (PB)) the total algebraic multiplicity of eigenvalues of PB with 
positive (negative) imaginary part respectively. 

Proof. We follow the proof of |361 Theorem 4.1]. Since A G Ai(X), there exist bounded 
open subsets N and A r± of C such that N = N + U (N n £) U N~, iV ± stays in the right (left) 
side of the imaginary axis, a (A) n I C N n I, a (A) n diV = 0, and P(A = f • Since A s , 
s G (-e, e) is a continuous family in C(X), cr(^ s ) n (dN U(l\(N D I))) = for \s\ small. For 
such s, let P s be defined in Lemma 13.11 Then \\P S — P\\ < 1 for \s\ small, and R s and U s in 
Lemma 13. II are well-defined for such s. Then we have 

a(A s ) n £ C a(A s ) nN = a^P.A^U,). 

Now we work in the finite dimensional vector space im P. Since PB commutes with PAP, 
we can assume that they are both in Jordan normal forms. Then P(A + sB)P is also in Jordan 
norm form for each s. By Lemma l3,l| we have {- s \ s =q(U~ 1 P s A s P s U s ) = PB. Then there exists 
a 5 G (0, e) such that U^PsAgPgUs are hyperbolic for all s G [—5,0) U (0,5], and 

m-^^PsAsPsUs) = m-(PB) for all s G (0, 5], 
nr^^PsAsPsUs) = m + (PB) for all s G [—5, 0). 

Then our results follows form the definition of the spectral flow and the fact that 

dimim P(A S ,N~) = m~ (U' 1 P S A S P S U S ) for all s G [-6,0) U (0,5). 

Q.E.D. 
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3.3 Spectral flow for curves of quadratic forms 

Let X be a complex Hilbert space and I = \/— 1(— e, e) (e > 0) with co-orientation from left to 
right. Let A s , < s < 1 be a curve of closed self-adjoint Fredholm operators. We will denote 
by sf{A s } = sf e {A s }. 

Lemma 3.2 Let X be a Hilbert space. Let A s , < s < 1 be a curve of closed self-adjoint 
Fredholm operators. Then for any curve P s G B(X) of invertible operators, we have 

sf {P 8 P; A 8 } = sf{P:A s P s } = sf{A s }. (47) 

Proof. Since A s is a curve of closed self-adjoint Fredholm operators and P s is a curve of 
bounded invertible operators, the families P*A S P S and P S P*A S , < s < 1 are curves of closed 
Fredholm operators. By (viii) of Proposition IXT1 we have 

sf{P s P;A s } = sf {P^A^P- 1 } 

= sf{P*A s P s }. (48) 

Since P*AtP s are self-adjoint Fredholm operators and dimker (P* AtP s ) = dimkei At, we have 

sf {p;a s p s } = s i{p*A s p } + s f{p;A 1 p s } 

= sf{P *A s P } 

= sf {PtA s P x }. (49) 

Let Q s < s < 1 be a curve of bounded positive definite operators on X with Qo = L, 
Q\ = P P*. By (@EJ) and (jUJ) we have 

sf{P s M s P s } = sf{P *A s P } 
= sf{P P *A s } 
= sf{Q!yl s gi} 
= sf{Q A s Q } 
= sf{A s }. 

Q.E.D. 

The above lemma leads the following definition. 

Definition 3.2 Let X be a Hilbert space. LetZ s , < s < 1 be a curve o/bounded Fredholm 
quadratic forms, i.e. Z s (x,y) = (A s x,y)x for all x,y £ X, where A s , < s < 1 is a curve of 
bounded self-adjoint Fredholm operators, and (-,-)x denotes the inner product in X. 

(a) The spectral flow sf{Z,} ofZ s is defined to be the spectral flow sf{^4 s }. 

(b) If A\ — Aq is compact, the relative Morse index I(Iq,Zi) is defined to be the relative 
Morse index I(Aq,Ai) := -sf{A + s(A 1 - A )}. 

Based on this observation we have the following lemma. 
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Lemma 3.3 Let X be a Hilbert space. Let A s E B{X), < s < 1 be a curve of self-adjoint 
Fredholm operators and Z s be quadratic forms defined by X s {x,y) = {A s x,y) for all x,y E X. 
Assume that P s E B{X), < s < 1 is a curve of operators such that P s 2 = P s and T s (x,y) = 
for all x E im P s , y E im Q s , where Q s = L — P s . Then we have 

sf{X s } = sf{T s | im p s } + sf{2" s | im Q s }. (50) 

Proof. Set R s := P*P S + Q* S Q S , s E [0, 1]. Since P S + Q S = L and P 2 = L, we have 

r s = i - + 2( i --p;)( i --p s )>o. 

Consider the new inner product {R s x,y), x,y E X on X. For this inner product P s is an 
orthogonal projection, i.e. R S P S = P S *P S . 

Now we work in the Hilbert space X with the new inner product. So we can assume that P s is 
orthogonal. By the fact that im P s and im Q s are I s orthogonal, we have P S A S Q S = Q S A S P S = 0. 
Then we have 

A s = (P s + Qg)A s (Pg + Q s ) = PgAgPg + QgAgQg. 

So P s Ag = AgPg. By (iv) of Proposition 13.11 P s A s Pg is a Fredholm operator on im P s , Q s A s Qg 
is a Fredholm operator on im Q s , and we have 

sf{J s } = si{A s } 

= st{P s A s P s :imP s ^ im P s } + st{Q s A s Q s : im Q s -> im Q s } 
= sf{J s | im p s } + sf{J s | im Q s }. 

Lemma 3.4 Let X be a Hilbert space, and M be a closed subspace with finite codimension. Let 
A E B{M) be a self-adjoint Fredholm operator and I(x, y) = {Ax, y) for all x, y E M. Let N\ 
and N2 be subspaces of H such that X = M © N\ = M ® N2. Define Ik on H , k = 1, 2 by 

Zfc(x + it, y + v) = {Ax, y), for all x,y E M and u,v E iVfc. 

T/ien we /iave I(I\,l2) = 0. 

Proof. Let iVo be the orthogonal complement of M. Set = diag(A, 0) under the direct 
sum decomposition X = M © Nq. Define Iq and Ax, A2 by Xfc(x, y) = {A^x, y), for all x,y £ H, 
where k = 0, 1, 2. Let i? : iV"i — > be a linear isomorphism. Define Pi E B(X) by Pi(x + y) = 
x + £>y for all x E M, y E N\. Then P\ is invertible, P\ — I is compact, and Ai = P*AoPi< 
So Ai — Ao is compact. Let P s E < s < 1 be a curve of invertible operators such that 

Pq = L and P s — L are compact. By the definition of the relative Morse index and Lemma 13.21 
we have 

/(J ,Xi) = J(A ,Ai) 
= /(A ,Ai) 
= -sf{P;A P s } 
= -sf{A } 
= 0. 
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similarly we have A<± — Aq is compact and T(Aq,A-i) = 0. So A^ — A\ is compact, and 

I(Xi, Z 2 ) = /(Z ,Z 2 ) - /(J ,2l) = 0. 

Q.E.D. 

The following proposition gives a generalization of Proposition 5.3 in and a formula of 
M. Morse. 

Proposition 3.3 Let X be a Hilbert space and A G be a self-adjoint Fredholm operator. 

Let P be an orthogonal projection such that ker P is of finite dimension. Let I be a quadratic 
form on X defined by I(x,y) = (Ax,y), x,y G X. Set M = im P and N be the Z-orthogonal 
complement of M , i.e., N = {x £ X; Z(x,y) = 0, Vy G M}. Then we have 

L(PAP,A) = m~(l\ N ) + drinker^ - dim ker J. (51) 

Proof. Since PAP — A is of finite rank operator, sPAP + (1 — s)A, < s < 1 is a curve of 
self-adjoint Fredholm operators. We divide our proof into four steps. 

Stepl. Assume that ker A = {0}. Let Mq = kerX|^, M\ be the orthogonal complement of 
Mq in M, and -Po> Pi be the orthogonal projection onto Mq, Mi respectively. Then P = Pq + P\. 
Since AM is of finite codimension and Mq = (AM) n M, Pq is of finite rank. Let N± be the Z- 
orthogonal complement of M x . Since M = M + Mi, We have MifWi C M . So MxDNi = {0}. 
Moreover we have 

dimiVi = dimker(,4Pi) - ind(APi) 
= dim ker Pi — ind A — ind Pi 
= dim ker Pi < +oo, 

where we denote indj4 the index of a Fredholm operator A. So X = M\ © X\. By the fact that 
X is nondegenerate, is nondegenerate. 

Let Ti be defined by X\[x + u, y + v) = X(x, y) for all x, y G Mi, u,v £ N\. By Lemma l3~3l 
and Lemma 13.41 we have 

I (PAP, A) = L(PAP,P 1 AP 1 ) + L(P 1 AP 1 ,A) 
= L(P 1 AP 1 ,A) 
= I(Ix,X) 

= J(Ji|Mi,T| Ml ) + /(Xi|iVi,JU 1 ) 
= m~(l\ Nl ). 

Step 2. Equation JHU) holds if ker A = {0} and N C M. 

In this case, Mo = N C iVi, m~(Z|jv) = and kerZ|iV = iV. For each x £ N\ such that 
Z(x, y) = for all y G iV, we have Z(x, y) = for all y G Mi and hence for all y G M. Then 
x £ N. Thus iV is the Z^-orthogonal complement of N. N% has an orthogonal decompsition 
Ni = N + © AT - such that N + and are Z-orthogonal, I\n+ > and I\n- < 0. Let P^ be 
the orthogonal projections onto N^. Then P^\m are isomorphisms. So we have 

dimiVi = 2dimiV = 2m~(l\ Nl ). 
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By Step 1 we have 

I (PAP, A) = m~(2\]\r 1 ) = m~(I\iy) + dimkerX|7v — dimker Z. 

Step 3. Equation (JHU holds if and M + N = X. 

In this case we have 

ker 1\N = ker J = M n N. 

Firstly we assume that ker ,4 = {0}. Then M = {0}, N t = N and ker^ = kerX = {0}. 
By Step 1, equation (fST|) holds. 

In the general case, we apply the above special case by taking the quotient space with ker A 
and get I (PAP, A) = m~(I\N). 

Step 4. Equation (f5l"j) holds. 

Firstly we assume that keryl = {0}. Let Q be the orthogonal projection onto M + N. Then 
the X-orthogonal complement of M + ./V is kerX|Ar. By Step 2 and Step 3 we have 

I (PAP, A) = I(PAP,QAQ)+I(QAQ,A) 
= m~(Z\N) +dimker 1\N. 

In the general case, we apply the above special case by taking the quotient space with ker A 
and get equation (|51j) . Q.E.D. 

3.4 A formula 

Lemma 3.5 Let X be a Hilbert space and H = X © X. Let B s G C(X), < s < 1 be a curve 
of Fredholm operators. Let the operator D s £ C(X) by D s = ( ^ ) ' ^ en we ^ ave 

sf{D s } = dimkeri?i — dimkeri?o. (52) 

Proof. By |21l Theorem IV. 2. 23], B*, < s < 1 is a curve of closed operators. 
Note that A G cj(D s ) if and only if A 2 £ a(B*B s ), and the algebraic multiplicities of them 
are the same if |A| ^ is small. Moreover we have 

dim ker D s = dim ker B s + dim ker B* , 
indi? s = ind-Bo = dim ker B s — dim ker B* . 

By the definition of the spectral flow we have 

sf{D s } = — (dimkerDi — dimker D$) 
= dim ker B\ — dim ker Bq . 

Q.E.D. 

Lemma 3.6 Let X be a Hilbert space and H = X © X . Let B G C(X) be a operator with 
compact resolvent, and A G B(X) be a self-adjoint operator. Define linear operator D s G C(X) 
( sA B*\ 

by D s = ( ' r ^^ ien ^ s ^ < s < 1 is a curve of Fredholm operators, and we 



have 



dim ker D s = dimker A |ker_B + dimker B* for all s G (0, 1], (53) 
sf{D s } = - m -(A\ keiB ). (54) 
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Proof. By |211 Theorem IV. 2. 23], D s , < s < 1 is a curve of closed operators. Since A is 
bounded and B has compact resolvent, D s is a Fredholm operator. 
For each s £ (0, 1] we have 

kerD s = {(x,y) £ H; sAx + B*y = 0, Bx = 0} 

= {(x, y) £ H;x £ ker B, sAx = —B*y £ im B* = ker B} 
= {(x,y) £ H;x £ ker A\ kerB , sAx = -B*y}. 

Define (p : kerD s — * ker^4| ker 5 by ip(x,y) = x for (x,y) £ keiD s . Then <p is a linear surjective 
map, and ker 99 = {0} x kerl?*. Then we get (|5H|). 

Let At G cr(Dt) be a spectral point of Z?t near for i 7^ small. Then there exists (xt,yt) £ 
H \ {0} such that D t (xt,yt) = \t(xt,Ut)- Then one of the following cases holds. 

Case 1. At = 0. 

In this case, we have (xt,yt) £ kerl^. The algebraic multiplicity of the eigenvalue of Dt is 
dim ker Dt . 

Case 2. X t / and Bx t = 0. 

In this case, we have yt = and tAxt = \t x t- Let P be the orthogonal projection of X onto 
ker B. Then tPAPxt = XtXt- So the total algebraic multiplicity of these eigenvalues Xt of Dt 
with such eigenvectors is 

m + (tPAP) + m-(tPAP) = m+(^| kcrB ) + m -{A\ kevB ). 

Case 3. X t ^ and Bx t ^ 0. 
In this case, we have xt 7^ 0, and 

Xf x t - tX t Ax t - B*Bx t = 0. 

Take inner product with xt, we have 

Af (x t , x t ) - tXt(Ax t ,x t ) - (Bx t , Bx t ) = 0. (55) 

For each xt, there exist two Xt satisfying equation (|55|): one is positive, and the other is negative. 
The algebraic multiplicity of the two eigenvalues of D s is equal to each other. We denote by 2k t 
the total algebraic multiplicity of the these eigenvalues of D s with such eigenvectors. 
Since D s , < s < 1 is continuous varying, for t 7^ small, we have 

dimker Dq = dimker D t + m + {A^^ b) + "2~(^4|kcr_B) + 2kt- (56) 
By the definition of the spectral flow and (|53[) we have 
sf{Aj = -m~(A\ kcrB ) - h 

= -m~(A\ kcrB ) - - (dim ker D - dimker D t - m + (^| kcr B) - m~(A\ kciB )) 

= — (dimker D\ — dimker Dq + sign(yl|kerB)) 
= - (dim ker A\ kei B - dim ker B + sign(yl| kcr B )) 
= -m~(^| ker B). 

Q.E.D. 
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Proposition 3.4 Let X be a Hilbert space and H = X © X. Let B s G C(X), < s < 1 be a 
curve of operators with compact resolvent, and A s G B(X), < s < 1 6e a curve of self- adjoint 

'A, BV 



operators. Define unbounded operator D s X by D s = s I . T/ien Z?<j G C(H), < s < 1 

V-Ds U / 

is a curve of Fredholm operators, and we have 

dimker Z) s = dimker ^4 s |kerB s + dimker B* for all s G [0, 1], (57) 
sf{D s } = m _ (A |ker J B ) ~ m_ (^ilkc rJ Bi) + dimker Si - dimker^o. (58) 

Proof. ||S3| follows form Set D S) t = f fi s Q s J for s,t G [0,1]. By 21, Theorem 

IV. 2. 23], B* and < s,t < 1 are two continuous families of closed operators. Since A s is 
bounded and B s has compact resolvent, D s j is a Fredholm operator. 
By Proposition 13.11 Lemmas 13 . 51 and 13 .61 we have 

sf{L> s } = -sf {A),t; < t < 1} + sf{A,, ; < s < 1} + sf {D iit ; < t < 1} 
= ^"(^olkerBo) + (dimker Si - dimker 5 ) - m~ (A^^ Bl ) 
= m~(^o|kerB ) ~ ™>~ ( A i\her Bx) + dimker^i - dimker5 . 

Q.E.D. 

4 Maslov-type index theory 

4.1 Symplectic functional analysis and Maslov index 

A main feature of symplectic analysis is the study of the Maslov index. It is an intersection index 
between a path of Lagrangian subspaces with the Maslov cycle, or, more generally, with another 
path of Lagrangian subspaces. The Maslov index assigns an integer to each continuous path 
of Fredholm pairs of Lagrangian subspaces of a fixed Hilbert space with continuously varying 
symplectic structures. 

Firstly we define symplectic Hilbert spaces and Lagrangian subspaces. 

Definition 4.1 Let H be a complex vector space. A mapping 

uj:HxH^C 

is called a (weak) symplectic form on H, if it is sesquilinear, skew- symmetric, and non- 
degenerate, i.e., 

(i) uj(x,y) is linear in x and conjugate linear in y; 



(ii) uj(y,x) = -u{y,x); 

(iii) H u := {x G H \ uj(x, y) = for all y G H} = {0}. 
Then we call (H,uj) a complex symplectic vector space. 

Definition 4.2 Let (H,uj) be a complex symplectic vector space. 
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(a) The annihilator of a subspace X of H is defined by 

A w := {y e H | u{x, y) = for all x G A}. 

(b) A subspace A is called isotropic, co-isotropic, or Lagrangian if 

A C X w , A D X w , A = A w 

respective/?/. 

(c) The Lagrangian Grassmannian C(H, u) consists of all Lagrangian subspaces of (H, u) . 

Definition 4.3 Let H be a complex Hilbert space. A mapping to : H x H — > C is called 
a (strong) symplectic form on H, if u(x,y) = (Jx,y)n for some bounded invertible skew- 
symmetric operator J. (H,tu) is called a (strong) symplectic Hilbert space. 

Before giving a rigorous definition of the Maslov index, we fix the terminology and give a 
simple lemma. 
We recall: 

Definition 4.4 (a) The space of (algebraic) Predholm pairs of linear subspaces of a vector 
space H is defined by 

F%l g (H) ■= {(A, /i) | dim (A n (i) < +00 anddim(H/(X + /x)) < +00} (59) 

with 

ind(A, p) := dim(A f\ fi) — dim(H/(X + p)). (60) 
(b) In a Banach space H, the space of (topological) Predholm pairs is defined by 

F 2 (H) := {(A, n) G J^alg(^) I A, andX + pC H is closed}. (61) 
We need the following well-known lemma (see, e.g., ^ Lemma 1.7]). 
Lemma 4.1 Let (H,co) be a (strong) symplectic Hilbert space. Then 

(i) there exists a u -orthogonal splitting 

H = H + © H~ 

such that —y/—\u) is positive (negative) definite on , and we call it a symplectic 
splitting; 

(ii) there is a 1-1 correspondence between the space 

U(H + ,H~,uj) ={U € B{H + ,H-)\ u(Ux,Uy) = -u(x, y), Vx, y G H + ] 
and C(H,co) under the mapping U — > L := Gr(Z7) (= graph ofU); 
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(iii) if U,V £ IA{H + , H~ ,uj) and A := Gi(U), [x := Gr(V), then (A,/i) is a Fredholm pair if 
and only ifU — V, or, equivalently, UV^ 1 — I is Fredholm. Moreover, we have a natural 
isomorphism 

keriUV- 1 - I) ~ A n fi . (62) 

Definition 4.5 Let (H, (■, -) s ), s £ [0, 1] be a continuous family of Hilbert spaces, and ca s (x,y) = 
(J s x,y) s be a continuous family of symplectic forms on H, i.e., {A s< q} and {J s } are two con- 
tinuous families of bounded invertible operators, where A s> q is defined by 

(x, y) s = {A S)0 x, y) for all x,y £ H. 

Let {(A s ,/x s )} be a continuous family of Fredholm pairs of Lagrangian subspaces of (H, (•, -) s ,uj s ). 
Then there is a continuous families of symplectic splitting 

H = Hf © HJ (63) 

for all s 6 [0,1]. Such Hf- can be chosen to be the positive (negative) space associated to the 
self-adjoint operator \/—U s £ B(H, (-, -) s ). By Lemma \4-l\ A s = Gv s (U s ) and fi s = Gr s (V^) 
with U s , V s £ U{Hf ,H~ ,uj s ), where Gi s denotes the graph associated to the splitting htify) . We 
define the Maslov index Mas{A s ,/i s } by 

Mas{A s ,/i s } = -sfdUsV; 1 }, (64) 

where I := (1 — e, 1 + e) with e £ (0, 1) and with upward co- orientation. 

Remark 4.1 For finite- dimensional (H,uj), constant fi s = fiQ, and a loop {X s }, i-e., for Ao = 
Ai , we notice that Mas{A<j, is the winding number of the closed curve {det(C/~ 1 Vb)} sG [o,ii ■ 
This is the original definition of the Maslov index as explained in ArnoVd, [3f. 

Lemma 4.2 The Maslov index is independent of the choice of the symplectic splitting of H. 

Proof. Let H = H^ k @Hj k , s £ [0, 1] with k = 0, 1 be two continuous families of symplectic 
splitting. For each s £ [0, 1] and k = 0, 1, set 

(•> -}s,k = ) © (V^T^I H - ), 

s,l s,l 

Then (H, (•, -) s k) is a Hilbert space for each s £ [0, 1] and k = 0, 1. Set 

(v},,i = (l-t)( v ) a ,o + t(-,-) s ,i 

for each (s,t) £ [0, 1] x [0, 1]. for each (s,t) £ [0, 1] x [0, 1], define J s>t £ B(H) by 

u(x,y) s = {Jx,y) S)t for all x, y € F. 

Then Hf k is the positive (negative) space associated the self-adjoint operator —V—lJ s ,k for 
each s £ [0, 1] and k = 0, 1. Let H st be the positive (negative) space associated the self-adjoint 
operator — \J — lJ si for each s £ [0, 1] and t = 0,1. 

Let (A s , /is) be a continuous family of Fredholm pairs of Lagrangian subspaces of (H, u s ). For 
each symplectic splitting H = Hf t © H~ t , we denote by U s j and V s> t the associated generated 
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"unitary" operators of X s and fx s respectively. We also denote by Mas t the Maslov index defined 
with (•, -) s j for each t G [0, 1]. By Proposition 13. II we have 

Mas {A s ,// s } - Masi{A Sl/ u s } 

= -sS t {U afi V~o} + s£t{U til V~i} 

= -sSi{U a}t V~t] (s,t) G d([0, 1] x [0, 1])} 
= 0. 

Q.E.D. 

Corollary 4.1 (Symplectic invariance) Let (Hi,u g k), k = 1,2 be two continuous families 
of symplectic Hilbert spaces. Let M(s) G B(Hi, H2), < s < 1 be a curve of invertible operators 
such that 

Us,2(M s x, M s y) = u S) i(x,y) for allx,y£ Hi ands G [0,1]. 

Then for any curve (A(s), fJ>(s)), < s < 1 curve of Fredholm pairs of Lagrangian subspaces of 
Hi, 

Mas{MA, Mfj,} = Mas{A, fx}. (65) 

Proof. Let Hi = H^ © H~ 2 be a continuous family of symplectic splitting of the family 
(Hi,oj Sj i), < s < 1. Then H2 = H^ 2 © H~ 2 ) be a continuous family of symplectic splitting of 
the family (H2,u> s ,2), < s < 1, where i7^" 2 = MgH^) and iT~ 2 = M S H~ V For each symplectic 
splitting Iffc = iJJ, © H~ k , s G [0,1] and k = 1,2, we denote by f7 S) fc and the associated 
generated "unitary" operators of A s and fi s respectively. Then we have 

U Sj2 = M s U Sjl M-\ V S: 2 = M s V s>1 M-\ 

By the definition of the Maslov index we have 

MasjAfA, M/j,} = -sf^M^iM^XM^iM^ 1 )- 1 ; < s < 1} 
= -s£ t {U,,iV-?;0 < s< 1} 
= Mas{A, /i}. 

Q.E.D. 

Now we give a method of using the crossing form to calculate Maslov indices (cf. |14j . |30j 
and Theorem 2.1]. 

Let A = {A s } sg r 0i i] be a C 1 curve of Lagrangian subspaces of (H,uj). Let be a fixed 
Lagrangian complement of At. For v £ Xt and |s — i| small, define w(s) £ W by v + w(s) G A s . 
The form 

Q(X,t) := Q(X,W,t)(u,v) = —\ s=t uj(u,w(s)), Vu,v G X t 

as 

is independent of the choice of W. Let {(A s ,/x s )}, < s < 1 be a curve of Fredholm pairs of 
Lagrangian subspaces of H. For t G [0, 1], the crossing form T(X,fi,t) is a quadratic form on 
A t n fit defined by 

T(X,fi,t)(u,v) = Q(X,t)(u,v) - Q((i,t)(u,v), Vu,v G A t n fif 
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A crossing is a time t G [0, 1] such that X t fl / {0}. A crossing is called regular if T(A, /x, t) 
is nondegenerate. It is called simple if it is regular and Xt Pi \it is one-dimensional. 

Now let (H,uj) be a symplectic Hilbert space with uj(x,y) = (jx,y), for all x,y £ H, where 
J G B(H) is a invertible skew self-adjoint operator. Then we have a symplectic Hilbert space 
X = (H © If, (— w) fficj). For each M G Sp(H, u), its graph Gr(M) is a Lagrangian subspace of 
X. The following lemma is Lemma 3.1 in |14j . 

Lemma 4.3 Let M(s) G Sp(-ff, w), < s < 1 be a curve of linear symplectic maps. Assume that 
M(s) is differentiable at t G [a, b]. Set B x (t) = -JM(t)M(t) _1 and B 2 (t) = - J M (t)' 1 M (t) . 
Then Bi(t), B 2 (t) are self-adjoint, B 2 (t) = M(t)*Bi(t)M(t) and we have 

Q(Gi(M),t)((x, M(t)x), (y, M(t)y)) = (B 2 (t)x, y). (66) 

Q.E.D. 

Proposition 4.1 Let (H,lu) be a symplectic Hilbert space and {(A s , /i s )} ; < s < 1 be a C 1 
curve of Fredholm pairs of Lagrangian subspaces of H with only regular crossings. Then we have 

Mas{A, fi} = m + (r(A, fi, 0)) - m _ (r(A, fi, 1)) + £ sign(T(A,/z, t)). (67) 

0<t<l 

Proof. Pick an invertible skew self-adjoint operator J G B{H) such that J 2 = —I and 
uj(x,y) = (Jx,y). Let Hi = ker(J — y/— II) and H 2 = ker( J + y/— 17). By Lemma 14. II there 
are curves of isometric U(t), V(t) in U(#i,# 2 ) such that \{t) = Gr(U(t)) and fj,(t) = Gv(V(t)). 
Apply Lemma fOl for (Hi, (—y/—lx, y}), for any x,y G ker([/(i) — ^(i)) and t G [a,b] we have 

^-^(-^y^t/x,?/) = {V^lV~ 1 VV- 1 Ux,y) + {-V=lV~ 1 Ux,y) 
ds 

= (yf^lV- l Vx, y) + (-x/^lU-WV^Ux, U^Vy) 

= {^iV~ l Vx, y) + (-x/^lU^Ux, y) 

= -T(\,ii,t)((x,Ux),(y,Uy)). 

By Proposition 13.21 we obtain (|65|) . Q.E.D. 
4.2 Spectral flow formula for fixed maximal domain 

Let D m ^ 1 be three Hilbert spaces. We assume that D m is a closed subspace of 

and a dense subspace of X. Let {^4 s } S 6[o,i] be a family of symmetric densely defined operators 
in C(X) with domain dom(j4 s ) = D m . Here we denote by C(X) all closed operators in X. 
Assume that dom(^4*) = Dm , i-e., the domain of the maximal symmtric extension ^4* of A s is 
independent of s. 

We recall from [Jj for each s G [0, 1]: 

1. The space Dm is a Hilbert space with the graph inner product 

(x, y)cr s ■= (x, y)x + (A* s x, A*y) x for x, y G D M . (68) 
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2. The space D m is a closed subspace in the graph norm and the quotient space DM/D m is 
a strong symplectic Hilbert space with the (bounded) symplectic form induced by Green's 
form 

lo s (x + D m ,y + D m ) := (A*x,y) x - (x,A*y) x tor x,y £ D M ■ (69) 

3. If A s admits a self-adjoint Fredholm extension A Si o s := Al\ry s with domain D s C X, 
then the natural Cauchy data space (ker ^4* + D m ) /D m is a Lagrangian subspace of 
(D M /D m ,uj s ) . 

4. Moreover, self-adjoint Fredholm extensions are characterized by the property of the domain 
D s that (D s + D m )/D m is a Lagrangian subspace of (Dm / D m , lu s ) and forms a Fredholm 
pair with (ker ^4* + D m )/D m . 

5. We denote the natural projection (which is independent of s) by 

7 : D M -» D M /D m . 
We call 7 the abstract trace map. 

We have the following spectral flow formula (cf. Theorem 5.1], Corollary 2.14] and 
[TO! Theorem 1.5]). 

Proposition 4.2 We assume that on Dm the graph norms induced by A^ and the original 
norm are equivalent. Assume that {A* : Dm X} is a continuous family of bounded operators 
and each A s is injective. Let {D s /D m } be a continuous family of Lagrangian subspaces of 
(Dm /D m ,uj s ), such that each A S) o s is a Fredholm operator. Then: 

(a) Each (D s /D m , 7(ker(^4*))) is a Fredholm pair in DM/D m . 

(b) Each Cauchy data space 7(ker^4*) is a L/GgrciTigicLTi subspacG of (Dm /-^mi ^s) • 

(c) The family {7 (ker A* s )} is a continuous family in Dm I D m . 

(d) The family {A s< £> s } is a continuous family of self-adjoint Fredholm operators in C(X). 

(e) Finally, we have 

sf{A s , Ds } = -Mas{7(ZU7(ker,4:)}. (70) 

Q.E.D. 

4.3 The Maslov-type indices 

Definition 4.6 Let (Xi,loi) be symplectic Hilbert spaces with u>i(x,y) = (j[X,y), x,y G X\, 
ji G B(X) are invertible, and j* = —ji, where I = 1,2. Then we have a symplectic Hilbert space 
(H = Xt X 2 , (-wi) © lo 2 ). Let W E C(H). Let M(t), a < t < b be a curve in Sp(Xi,X 2 ) 
such that Gr(M(i)) G FL(W) for all t G [a, b]. The Maslov-type index i w (M(t)) is defined 
to be Mas(Gr(M(i), W). If a = 0, b = T, (X 1 ,u 1 ) = (X 2 ,lo 2 ) and M(0) = /, we denote by 
v T ,w(M(t)) = dim(Gr(M(T) n W). 

The Maslov-type indices have the following property. 
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Lemma 4.4 Let (Xi,ui) be symplectic Hilbert spaces with ui{x,y) = (jix,y), where x,y G X\, 
jl G B(X[) are invertible, and j ; * = —j\, I = 1,2,3,4. Let W be a Lagrangian subspace of 
(Xl © X±, (— Mi) ©CJ4). Let 72 G C([0, 1], Sp(X/, Z = 1,2,3 6e syplectic paths such that 

Gr(7 3 (s)7 2 (t)7i(s)) G ^C(W) /or a// (s,i) G [0, 1] x [0, 1]. Then we have 

iw (73727i) = V'(72) (7372 (0)71), (71) 
tu/iere W' = diag(7i(l), 73(1) _1 )W. 

Proof. Let M = diag(7i(l), 73(1) _1 ). By the homotopic invariance rel. endpoints of the 
Maslov-type indices and Corollary 14.11 we have 



%(73727i) = w(73(l)727i(l)) + W (7372 (0)71) 

= Mas(MGr( 73 (l)7 2 7 1 (l)),MW) +i w (7 372 (0)7i) 

= V'(72) + iw (7372 (0)7i)- 

Q.E.D. 

The following properties of fundamental solutions for linear ODE will be used later. 

Lemma 4.5 Let j G C 1 ([0, +00), GL(m, C)) be a curve of skew self-adjoint matrices, and b G 
C([0, +00), gl(m, C)) be a curve of self- adjoint matrices. Let 7 G C 1 ([0, +00), GL(m, C)) be the 
fundamental solution of 

- jx - ^jx = bx. (72) 
Then we have j(t)*j(t)j(t) = j(0) for all t. 

Proof. By the definition of the fundamental solution, we have 7(0)* 7(0)7(0) = j(0). Since 
j* = —j and b* = b, we have 

4(7(*)*i(*h(*)) = 7*i7 + 7*i7 + 7* 31 

= (~°7 - 7,3)* 3*^31 + 1*31 + 7*iT 1 (-07 - 2 J ) 

= l*(p- ~j + j -b- ~j)-y 
= 0. 

So we have l(t)*j(t)-f(t) = j(0). Q.E.D. 

Lemma 4.6 Let B G C([0, +00), gl(m, C)) and P G C^QO, +00), GL(m, C)) be two curves of 
matrices. Let 7 G C 1 ([0, +00), GL(m, C)) be the fundamental solution of 

x = Bx, (73) 

and 7' G C 1 ([0, +00), GL(m, C)) be the fundamental solution of 

y = {PBP- 1 + PP- l )y. (74) 

Then we have 

i=pip^r l . (75) 
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Proof. Direct calculation shows 



— (PjPiO)- 1 ) = (PBP- 1 + PP-^P-jPOd)- 1 
at 

and P(0)7P(0) _1 = I. By definition, P^P^)' 1 is the fundamental solution of If73|). Q.E.D. 

Corollary 4.2 Let ji,j 2 £ C 1 ([0, +00), GL(m, C)) be two curves of skew self-adjoint matri- 
ces. Let P G C 1 ([0, +cxd), GL(m, C)) be a curve of matrices such that P*j 2 P = j\, and 
b G C([0, +00), GL(m, C)) 6e a curwe of self- adjoint matrices. Let 7 G C 1 ([0, +00), GL(m, C)) 
6e i/ie fundamental solution of 

- hx - -jix = bx, (76) 
and 7' G C 1 ([0, +00), GL(m, C)) 6e t/ie fundamental solution of 

32V ~ \hV = (P*- X bP- x + Q)y, (77) 

where Q = \{P*~ l P* j2 — j2PP 1 )- Then we have 

7 ' = P 7 P(0)- 1 . (78) 
In particular, when j\ and j 2 are constant matrices, we have 

Q = p *-lp* j2= _ h pp-l 

Proof. Take B = — j ] ~ 1 (6 + \ j\) in Lemma l4~6| we have 

-j 2 {PBP- 1 + PP- 1 ) - ±j 2 = -j 2 (P(-j 1 )" 1 (6 + ^iOP- 1 + PP- 1 ) - \j 2 



P*- 1 (b + h)P~ 1 -32PP- 1 



1 • 

-J2 



P*-^- 1 - j 2 PP~ l + ^(P^P- 1 - j 2 ) 



P^bP- 1 - j 2 PP- 1 + I(P*-i|(P*j 2 P)p-i _ J2) 
p*-l h p-l + g 



By Lemma 14.61 our results holds. Q.E.D. 
The following is a special case of the spectral flow formula. 

Let j G C 1 ([0, T], GL(m, C)) be a curve of skew self-adjoint matrices. Then we have symplec- 
tic Hilbert spaces (C m ,uj(t)) with standard Hermitian inner product and cv(t)(x,y) = (j(t)x,y), 
for all x, y G C m and t G [0, T}. Then we have a symplectic Hilbert space (V = C m © 
C"\(-u;(0)) © oj(T)). Let W G C(V). Let b s (t) G B(C m ), < j < 1, < t < T be a 
continuous family of self-adjoint matrices such that 6o(0 = 0. By Lemma l4.5| there are con- 
tinuous family of matrices M s (t) G GL(m, C) such that M s (0) = /, M s (t)*j(t)M s (t) = j(0) 
and 

-3jM s (t) - \{j t 3)M s {t) = b s {t)M s {t). 
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Set 

X = L 2 ([0,T],C m ), D m = H^([0,T],C m ), 
D M = H\[0,T],C m ), D w = {xeD M ;(x(0),x(t))eW}. 

Let Am G C(X) with domain Dm be defined by 

. . d 1 . d .. 

Ajv/x = —l-rx ( — 7)x. 

J dt 2 y dt J> 

Set x G £>m, ^4 = ^ M |z) m , A w = Aa/|d w . Let C s G B(X) be defined by (C s x)(i) = b s (t)x(t), 
x G X, t G [0,T]. 

Proposition 4.3 5e< W' = diag(J, Mo(T)" 1 )^. T/ien we ftcwe 

- Ci) = V( M o _1 ^i)- (79) 

Proof. The Sobolev embedding theorem shows that Dm C C([0, T], C m ). For any x G Dju, 
define 7(x) = (x(0), x(T)). Direct calculation shows that DM/D m = C m © C m with symplectic 
structure (diag(j(0), — j(T)) r y(x), 7(y)), x,y £ Dm, and 7 is the abstract trace map. Moreover, 
,4* = A M , 7(4* - C s ) = Gr(M s (T)), and -y(D w ) = W. By Proposition O and Lemma [O] we 
have 

I(A W ,A W -Cx) = -b£{A w -C,} 

= Mas({Gr(M s (T)); < s < 1}, W) 

= i H /(M (T)(M (r)- 1 M s (T))/; < s < 1) 

= i w ,{M {T)- l M s {T)-Q<s<l) 

= -i wl {M Q {t)~ l M {t);0< t < T) + i w i (M (0) _1 M s (0); < s < 1) 

+V(M (t)- 1 M 1 (t);0<t<T) 
= i^iM^Mx). 

Q.E.D. 

5 Proof of the main results 

In this section we will use the notations in ^21 
5.1 Proof of Theorem fOl 

Lemma 5.1 The index forms I S ,R, < s < 1 is a curve of bounded Fredholm quadratic forms 
on Hr. 

Proof. Since I S ,R are bounded symmetric quadratic forms on Hr, by Riesz representation 
theorem, they form a continuous curve. 

For each k, I = 0, . . . , m and s G [0, 1], we define the bounded operators Pk,i(s) G B(Hr) by 

f T d k x d l y 

(Pk,i(s)x,y) m = (PkA s ^)-^ki-^[) dt for all x, y G Hr. 
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Claim. Pki(s) is compact for either k ^ m or I ^ m. 

Since Pk,i(s) = P* k (s), without loss of generality we can assume that k ^ m. Pick a bounded 

sequence {x a ;a G N} in H R . By Sobolev embedding theorem, the sequence {pk,i{s, t)-^§r} has 
a convergent subsequence, which is denoted by the original sequence. Since Pk,i(s) is bounded, 
we have 

v ii d f \, mi2 r / T / / j.^ k (x a -xp) d l {P k) i{s)(x a -xp)) 

hm P M (s)(a; a -xp) f m = hm / (p k) i(s,t) ^ , ! -j ^ )dt = 0. 

a,/3^+oo a,f3-++ooJo dt K dt 1 

So the sequence {Pk t i(s)(x a )} converge and Pk,i(s) is a compact operator. 

Now we prove that P m ,m(s) is Fredholm and then our lemma is proved. If p mt m(s,t) is 
positive definite for each s,t G [0, 1] , we can choose Pk,i{s,t) such that T sR is positive definite 
for each s. So P m ,m( s ) is a compact perturbation of a Fredholm operator and is Fredholm. Here 
it is only required that Pm,m(s,t) is continuous in t. In the general case, we have to assume 
that p mtm (s,t) is C m in t. Consider the operator p mt m 

(s, •) : H -»■ H. Let j : H R ^ H be 
the injection. Then p m>m (s, •) is invertible and p m ,m(s,-)j is Fredholm. For any x £ -H^ and 
y = H, the inner product ((P m , m (s) — p m<m (s, ■))x,y) m consists only the lower-order terms (i.e., 
no second-order differential involved) and some boundary terms. Similar to the above proof, we 
can conclude that the lower-order terms correspond to compact operators. The boundary terms 
correspond to finite rank operators. So jP m ,m{s) — p m , m (s, -)j is compact. Since Pm,m(s)j and 
j are Fredholm, jP m ,m(s) and P m ,m(s) are Fredholm. Q.E.D. 
The following lemma is the key to the proof of Theorem 12.11 

Lemma 5.2 (i) Any solution u G i7 1 ([0, T]; C 2mn ) of fity can be expressed by u = u Pa)X for 
some x G H m ([0,T]; C n ), and the following three conditions are equivalent: 

(a) x G ker 2 StR ; 

(b) x G kerL SjW2m{R) ; 

(c) u Ps ,x is a solution of H9\) and (u PatX (0),u Pa:X (T)) G W2 m (R)- 
(ii) If p s is C 1 in s, then for any x,y G H m ([0, T}; C n ), we have 

TPs} uo,x,u ,y) = -( {^-b(p s )\ u PstX ,u Pst y) . (80) 



ds J ' ' / \ \ ds 

(iii) Let J G GL(C m ) be skew self-adjoint, and b s (t) G gl(C m ), < s < 1, < t < T is 
a continuous family of self-adjoint matrices. Let ^y s be the fundamental solutions of the linear 
Hamiltonian system 

-Ju= b s u. (81) 

If b s is C 1 in s, we have 

d f T _i07«x *db s 

(iv) If p s is C 1 in s, then for any x,y G kerL s , we have 

(-^ m ,n7p.(r)" 1 ^f^«p.,x(0),« P . ll/ (0)^ = ~jf u , x ,u ^dt. (83) 
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Proof, (i) The proof for the solution it of lfT§|) can be expressed by u = u Pa>x and (a)<^(b) 
is standard and we omit it. Now we prove (b)44>(c). By (|15j). we have ^Up s x (t) = for 
k = 0, . . . , m — 2, 



c2 1 d m 



0</3<m-l 



and 



j ja+fc+l-2m / j/3 N 

^(*) = E i-tr- 1 dta+k+ l-2m [P^(s,t) W x(t) 

UL 2m-k<a< m fl<f3<m Ui \ UU / 

= <S(t)- E (-i) m+fc+1 (p2 m - fe -i l/3 ( s ,t)^x(t)^ 

= + (-l) m+fc P2m-fc- 1 ,m(» ) t)p m) m(s,t)- 1 <^W 

+ {-l) m+k { P 2m- k -lAs,t) 

0</3<m-l 

(M) ^V/jCM))"?.,^*) 
for k = m, . . . , 2m — 1. Combine the above equations and we get 



eft 



U Ps , x {t) = J2m,nHPs)u ps , x (t) + «%(*),(), . . . , 0). (84) 



By the fact that L s x = (-l) m ul™ x (t), we get (b)<^(c). 

(ii) By the definition of U(p s ), V(p s ), u PsX and UQ fX in ^2 direct computation shows 

v(,,r (± P ,) v<») = -£>(*). 

Thus for all x, y G -fffj, we have 

d \ _ 
^ '*\Ps) J u p s , x , u p s ,y 

d 
ds 



b{Ps)^j Up s , X ,U pSj yj . 



(iii) By the definition of j s , we have 7^ J^ s = J, and 



av 13 ds' 13 IBIS ds 13 dsdt 

_i T -idb s 
J% J ^ 

*db s 
l3 ^ ls - 
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Za — J2m,n (jp s +aI( m+1)n {T) 



(iv) follows from (ii), (iii) and the fact that Jp s u P3iX (0) = u PatX for all x G kerL s . Q.E.D. 
Now we can prove Theorem 12.11 
We begin with a simple case. 

Lemma 5.3 LetTi^R be the inner product on H R . If e > satisfies [— e, 0] n a(p m , m (0, £)) = 
for all t G [0, T], we have 

- sf{T 0lJ R + a!ld,R] a G [0, e]} = iw 2m (R)({lps+al (m+1) n (T); < a < T}). (85) 

Proof. By Lemma 15. 11 Iq R -\- alidRi a £ [0> e ] is a continuous family of Fredholm quadratic 
forms. By the definition of the spectral flow we have 

sf{T 0j fi + dlidjt; a G [0, e]} = ^ dim ker (X 0)R + aZ IdjR ). (86) 

oe(0,e] 

Set 

,-1 ^7 Ps +q/ (m+1) „(^) 
da 

for a G [0, e]. By (iv) of Lemma l5.2( Z a is non positive definite. Let v G C 2mn be a vector such 
that (Z a v,v) = 0. By (i) of Lemma IS~21 there exists x G kerL s such that v = u Pa+a i {m+1)n ^ x {Q). 
By (iv) of Lemma IB~2l we have uo iX (t) = for all t G [0, T]. Thus x = 0, n Ps +aj (m+1 )n ,a; = and 
i> = 0. So Z a is negative definite. By Lemma 14.31 Proposition 4.1, (i) of Lemma 15.21 and the 
definition of Maslov-type index we have 

iw, m (R)({lp s+ ai (m+1) jT);0<a<T}) = - £ dimGr ((7 Ps +a W)n (r)) n W 2m {R) 

o£(0,e] 

= - X! dimker(2o,fl + ol Id<R ). (87) 

o£(0,e] 

Combine and we get jSEJ). Q.E.D. 

5.2 Proof of Theorem E21 and Corollary f2~Tl 

We now in the position to prove Theorem 12.11 

Proof of Theorem 12.11 We divide the proof into two steps. 
Step 1. We apply Proposition 4.2. Set 

A S = L* S , D m = H 2m ([0,T];C n ), D M = H 2m ([0, T}; C"). 

Then A s is injective for each s and L s> w 2 / R \, < s < 1 is a continuous family of self-adjoint 
operators. Define the trace map 7 : Dm — ► C 4m ™ by 7(2) = (u PsjX (0), u Pa:X (T)) for x G -Da/- 
Then 7 induce an isomorphism Dm/D™, - > C . After identify the two space Dm/D™, and 
C 4nm , we have 7 = 7. Direct computation shows 

w s (x + D m ,y + D m ) = (J 2m (0),Up. ltf (0)) - {J2m,nUp 3 ,x(T),U Pst y{T)). 

Let D s be the domain of L s ,w 2m ,R. Then 7 (Z) a ) = W 2m (i?) and 7 (ker A*) = Gr( 7ps (T)). By 
Proposition 4.2 we have 

-sf{L SjH/2m(i?) ;0< S <l} = Mas{^ 2m ( J R),Gr(7 Ps (T));0< s< l;u 8 } 

= Mas{Gr(7 Pa (T)),iy 2m (i?);0 < a < lj-w,} 
= iw 2m (R)({%s(T);0<s<l}). 
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Step2. We claim that 



- si{I s>R ;0 < s < 1} = % 2m(i?) ({ 7ps (T);0 < s < 1}). 

Let Iid,R be the inner product on H R . Let e > be small enough such that [— e,0] n 
cr(Pm,m(s,t)) = for all (s,t) G [0,1] x [0,T]. By Lemma sf{2" s + al IdR } is well-defined. 
For each c G [0,1], there exist 5 C > and e c G (0,e] such that ker(X s + t c Xid,R) = {0} for all 
s G (c - <5 C , c + <5 C ) n [0, 1]. 

Let [s0)*i] be a subinterval of (c — (5 C , c+5 c )n [0, 1]. Consider the spectral flow sf{2" s + aTjd jR } 
and the Maslov-type index iw 2m (R)(. r Yps+aIr m+ i- )n (T)). Because of the homotopic invariance of 
spectral flow and Maslov-type index, both integers must vanish for the boundary loop going 
counter clockwise around the rectangular domain from the corner point (so,0) via the corner 
points (si, 0), (si, e c ), and (so, e c ) back to (so, 0). The spectral flow and Maslov index vanish on 
the top segment of our box. By the preceding lemma, the left and the right side segments of 
our curves yield vanishing sum of spectral flow and Maslov index. So, by the additivity under 
catenation, we have 

-si{I SiR ;s < s < si} = iw 2m (R)({ r yps( T );so <s< si}). 

Since [0, 1] is compact, there exist Co, . . . , cn-i G [0, 1] and a partition of = so < s\ < . . . < 
sn = 1 of [0, 1] such that [sj, Sj+i] C (cj — 5 C] , Cj + S C A for j = 0, ... N — 1. Then (|5§)) follows 
from additivity under catenation of spectral flow and Maslov-type index. 

Step 3. Since 7 Ps (0) = /2mm by the homotopic invariance of Maslov-type index we have 

% 2m (R)({7 Ps (^);0 < s < 1}) = i W2m (R)(rrpi) - •wwajfrpo)- ( 90 ) 

Q.E.D. 

Proof of Theorem 12. 2L We divide the proof into three steps. 
Step 1. ((23), (HU holds for C 1 path 7 with 7o = I 2m - 

Set H = L 2 ([0,T]; C n ) and H R = {x G H; (x(0),x(T)) G R}. Let F R be a closed operator 
on H with domain H r k defined by F R x = —Kx for all x G H R . Set 

X = L 2 ([0,T],C 2n ), D Wk{r) = {x G H\%T]-C 2n )- (x(0),x(t)) G 

Let A Wk ( R ) G C(X) with domain D Wk ^ R) be defined by A Wk ^ R )X = -Jrx for x G D^Vx^)- 
Let G gl(C 2n ) and C G be defined by b(t) = -Jjcr(t)7(t) -1 , * G [0,T] and (Cz)(i) = 

for x G X, t G [0,T]. Then we have = -F RK . 
Consider the standard orthogonal decomposition 

C 2n = (C n x {0})©({0} x C n ). 

It induces orthogonal decompositions X = H © H and D Wk ^ = H r k © H R . Under such 

(0 F* \ 
p q j- Let C be in block 

form 

1,1 1^1,2 

C*2,l C2,2 . 



c 



By the definition of b(t) and the symplectic path 7 we have 

' K* (M 2 ,lM{l - M 2t2 M 2 -^M 2A M^l) K*M 2 , 2 M 2 ~ 



-KM hl M^\ 
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Since M^ 2 KM ltl = K, we have K*M 2;2 M^ 2 = — (Mf (1 ) ~~ 1 1 K*. So there holds 

K*{M 2tl M^ - M 2>2 M 2 -^M 2 ,iM^) = K*M 2jl M^ + (M 1 * 1 )- 1 M 1 * 1 K*M 2 , 1 M 1 ; 1 1 

= (M^y 1 (^(M^iTM^)) My 1 . 

Clearly we have 

kev(F R - C 2 ,i) = {M ltl x(0); (x(0), M hl (T)x(0)) G 
Since ind(Ffj — 6*2,1) = indF^ = dim(Gr(J mn ) n R ) — dim(Gr(/ mn ) n R), we have 

dimker(F R - C 2 ,i)* = dim,S(T) + dim(Gr(I mn ) n R) - dim(Gr(/ mn ) n R K ). 
Let x, y G ker(Ffj — 6*2,1 )• Then we have 

(6i,ix,y) = £ ^(Ml^^Ml^M^M^x^'jdt 

= Um^Y 1 (^(M^iTM^i)) M^Afi.isCO), M ltl y(0)\ dt 

= j ( T ((|(M 1 * 1 ^M 2 ,i))x(0),y(0)^ i 
= (Afi,i(T)*K*M 2 ,i(T)x(0),y(0)). 

By Proposition 13.41 Proposition 14.31 and the definition of S(t), we have (|23j) and 

»Wjc(h)(t) = -si{^h/ k (r) - sC;0 < s < 1} 

= m+((M 1) i(r)*K*M 2) i(T))| 5(T) ) + dim(Gr(/ mn ) ni? K ) -dimS(T). 

Step 2. Define the set 

Y = {M G GL(C-);M = ,MV,M = J K }. 

Note that any symplectic loop 7 in Y is homotopic to the loop in Y starting from I 2n . By the 
homotopic invariance of the Maslov-type index and Step 1, we have iw K {R)^l) = f° r an y 1°°P 
in 7 in Y. For a general 7 in Y, we can connect I 2n and the endpoints 7(0) and 7(T) in Y by 
C 1 paths. Then l)23|) follows from Step 1 and the path additivity of Maslov-type index under 
catenation. Q.E.D. 
Now we turn to the proof of Corollary 12.11 

Proof of Corollary I2.lt Let x = (xq, . . . , x m -\) and y = (ya, . . . , y m -i) be two vectors 
in C mn . By direct calculation we get our form of 7 Po = ( r Yk,l(t))k,l=0,..,,2m-i an d with 
Pm,m(0,t) =p mtm (l,t). Then we have 

(M 1A (TyK^ n M 2A (T)x,y) = ]T " ' 



fc,Z=0,...,m-l 







(m-k-l)\(m-l-l)\ 
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f T I j-m-l-X 

= ((PmAht))- 1 E ( m -l-l)\ ^ 

\ 1=0,. ..,m— 1 v ' 

E 7 L — ^V\ Vk ) dt 

• n 1 (m - A; - 1)! / 

fc=0,...,m— 1 v ' / 

Since p mtm (l,t) is positive definite for each t E [0, T], we have (Mi i i(T)*if^ in M2 I i(T)o;, x) > 0. 
If (M hl (T)*K^ n M 2 ,i(T)x,y) = 0, we have Sfc=o,...,m-i { Z-k-iy x k = for all t € [0,T\. By 
taking derivative with t, we have J2i=o,...,k (k-i-i)\ Xl = for all A; = 0, . . . , m — 1 and t G [0, T]. 
Then we get = for k = 0, . . . , m — 1 and x = 0. Thus Mi ) i(T)*if^ in M2,i(T) is positive 
definite. 

Let p s = (1 — s)po + spi- Clearly 2o,.r and £o,W 2 m(-R) ^ s non negative definite. For sufficiently 
large r > 0, we have 

{ L 8,W2m(R) x > x ) = Zs,r{x, x) + r(x, x) > 

for each x ^ in the domain of L s ^ W2m ^ and s G [0, T}. Then -^w^mCR) + rJ is positive definite 
for each s E [0, 1]. Note that Mi t i(0) = I mn and 5(0) = 5. By the definition of the spectral 
flow, Theorem 12 . 1 1 and Theorem 12.21 we have 

mr(X ltR ) = -sf{J s , R ; < s < 1} 

= % 2m (R)(7 P i) - HV2mCR)(>o) 

= * W 2m (R) (>i ) - ( dim S ( T ) + dim S (°) - dim S ( T ) ) 

= %2 m (fl)(7pi) -dim 5 

= -sf{i s ,iy 2m (i?);0 < s < 1} 

= W~(L S)K / 2m (.R)). 



Q.E.D. 



5.3 Proof of Theorem [231 



Let a, pi, p\ and i?' be as in £j2j Firstly we prove (|27|) . The following lemma follows from direct 
calculation. 

Lemma 5.4 We /iawe 

ftCp'i) = diag(a- 1 ,a*)6(p 1 )diag(a*- 1 ,a) + f ° x ""^V (92) 



-a a 



Q.E.D. 

By Corollary 14.21 we have 
Corollary 5.1 We have 

7i = diag(a*, a- 1 ) 7 idiag(a(0)*- 1 , o(0)). (93) 
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Proof of Theorem 12.31 By the definition of R,' we have 

(R) 2 ' b = {(x,y) G C 2n ; (a(0)*x, a{Tfy) G R 2 > b }. 

By Theorem 12.21 and Lemma 14.41 we have 

V 2 (i?')(^i) = V 2 (j?')( dia g(«%«~ 1 )7idiag(a(0)*" 1 ,a(0))) 

= *w 2 (fl)(7i) + V 2(i? ' ) (diag(a*,a _1 )diag(a(0)* _1 ,a(0))) 

= iw,wM + dim(Gr(/„) n (R') 2 ' b )) - dim(Gr(a(T)*a(0)*- 1 ) n (R') 2 > b ) 

= *w a (*)(7i) + dim(Gr(/„) n (it"') 2 ' 6 )) - dim(Gr(J n ) n i? 2 - 6 ). 

Q.E.D. 
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